Suppose a n , b n , and c n = a n b n are sequences of algebraic integers and that all b n are nonzero. It is easy to verify that if both a(z) = ^^oa n z n and b(z) = Σ~=o^£ w are rational functions, then so is c(z) = Σ?=<A Λ We a r e interested in studying the conjecture that if b(z) and c(z) are rational functions, then so is a(z). We shall prove this in the case that b(z) has no more than three distinct singularities.
Let k be an algebraic number field; denote by M k the set of valuations of k, normalized so as to satisfy the Artin product-formula. We assume, whenever convenient, that each valuation in M k has been extended in some fashion to Ω, the algebraic closure of k. Let S be a finite subset of M k containing all Archimedean valuations. We say that aek is an S-integer if \a\ υ <^ 1 for all ve M k -S and that a is an S-unit if a and I/a are both S-integers. Let a n be a sequence of Sintegers of k. Suppose there exist rational functions b(z) = Σn=oKz n and c(z) = Σn=oC n z n whose coefficients lie in an extension field K (possibly transcendental) of k; suppose that none of the b n are 0 and that α» = cjb n for n ^ O In [1] , I showed that if b(z) has only one singularity (possibly a pole of high multiplicity) then a(z) = ΣSUα n z w is a rational function. In [6] G. Pathiaux extended this result by showing that, under the additional assumption that K is algebraic, if b(z) has at most two distinct singularities, then a(z) is rational.
Here we shall study various extensions of these results. In particular we shall show that if b(z) has at most three distinct singularities, then a(z) is rational.
We note that since b(z) and c(z) are rational functions, we may write b n and c n as exponential polynomials:
for all sufficiently large n. Here the \(n) and fain) are polynomials in n. By appropriately enlarging K, if necessary, we may assume that the θ i7 the φ iy and the coefficients of the polynomials Xi(n) and μt(n) all lie in K. By omitting a finite number of terms from each of the sequences a n , b n , c n we may assume that (1) and (2) % rational functions such that a n b n -c n for all integral n ^ 0 and such that only finitely many b n are 0.
Proof. As above we may write b n = ΣJU ^ii n )^ and c n == If all the coefficients of the \ and the μ i9 and the θ { and ^ are in k, then the Lemma is true with the b n -b n and c TO = c n . We henceforth assume this not the case. Let R be the ring generated by adjoining the # ί? the <p if the ratios ΘJΘ ί9 and the coefficients of the X t and the ^ to k. By the assumption above the transcendence degree t of R/k is Ξ>1. We are going to construct a homomorphism τ oί R into a finite algebraic extension of k such that τ, when restricted to &, will be the identity. If τa is abbreviated a then b n -Σί=iλi(w)0f and thus Σ δ^% is rational; similarly Σ c n «* is rational and since a n b n = c n clearly a n b n -c n . The remainder of this proof is devoted to constructing such a homomorphism τ for which only finitely many b n are zero. By the Noether normalization lemma [3] , there exists a tran- , u t ) be elements of h for which p e (u) Φ 0. Then under the homomorphism r, defined above, a = τa will be nonzero, and Ϋfu(ri) (the polynomial obtained by applying τ to each coefficient of the polynomial η i8 (ri)) will be the zero-polynomial if and only if η i8 {n) is the zero-polynomial. None of the ratios σ^σŵ ith i Φ j, are roots of unity, for since (σjσ^1 Φ 1, if σ i \a i were a root of unity, it would have to have order >h and hence degree >d over k; but the latter is not the case. If any of the m sequences b mn+8 had infinitely many zeros then either all of the polynomials rj is {n) would be zero or by a theorem of Mahler [4] and Lech [5] the zeros would be periodic, and two of the δi would have ratio a root of unity. Thus the sequence b n has only finitely many zeros. LEMMA 
Suppose a n is a sequence of S-integers of k, that a ncjb n where b n -Σ XiM^ΐ is never 0 and c n = Σ PiWΨVi suppose the θ if ψi and the coefficients of the Xi(n) and the μ^n) are integers of k. Suppose there exists a valuation v o e S such that | θ γ \ VQ > | θ { \ VQ for i }> 2.
Then Σn-o a n z n is rational.
Proof. Elementary estimates show there exist M > 0 and R > 0 such that \b n \ υ and \c n \ υ are ^MR n for all veS and n ^ 0, and that \b n \ υ ^ 1 for all v$S and n ^ 0. Since J[ veS \b n \ v ^ 1, if we S, then
where s is the cardinality of S. Then \a n \ w = \cjb n \ w ^ M s R sn . It follows that Σ*-oΛ w 2 Λ has positive radius of convergence in k w , the completion of k under the valuation w. Let k w be the algebraic closure of k w and assume that w has been extended to k w . Let R w be the radius convergence of a(z) = Σ"=o »^% in k w . Then α(«) is analytic in k w for |^L < i2 w . Now [2] , that Σ,n=,o\Wa n z n is a rational function. By [1] Poof. Extend the definition of c n and b n to negative n by their formulas. If infinitely many such b n were zero, then by a theorem of Lech [4] and Mahler [5] , b n would be zero for all n in a doubly infinite arithmetic progression, contradicting the hypotheses. Extend the definition of a n to negative n by putting a n -cjb n if b n Φ 0 and otherwise put a n -0. Now let v be any valuation of M k not in S. Thus \a n \ v ^ 1. Restating all this, we have shown that there exists n 0 such that if n ^ % 0 then δ Λ Φ 0 and if v e S then lα^^ g 1. We apply Lemma 2 to the sequences < = α Wo _ n , δή = & % _ % and < = c %0 _ % , to conclude that X" =o αU % is rational. It follows that a n can be written in the form = Σ for n ^ π 0 . Then the exponential polynomial Σ fMn)<pΐ -Σ M? Σ % i is 0 for 7£ ^ w 0 . By the theorem of Mahler [5] and Lech [4] , it is identically 0. Thus a n = Σi=i Vi( n ) σ i foΓ n = ° an(i α (^) = ΣΓ^o ^%^n is a rational function.
We now come to the result mentioned at the beginning of this Proof. By Lemma 1, we may assume K is algebraic over k and that b n = Σί=i ^i(n)θi and that c n = Σί=i AW?? where the θ i9 Ψi and all coefficients of the λ f and μ t are algebraic over k. By replacing k by a larger field and S by the set of extensions of the valuations in S to this new field, we may assume that the above quantities are, in fact, in k. By increasing S appropriately, we may assume that those of the above quantities which are not zero are S-units. Now if r -1, the theorem follows immediately from [1] It is worth noting that the method of the theorem cannot be extended to the case where b{z) has 4 singularities. In fact, consider the case where k is the field Q(i) where i = V -1 and θ ι -(1 + 2i) x
The ideals generated by (1 + 2i) , (1 -2i) , (1 + 4ΐ) , (1 -4ί) are prime and give rise to 4 valuations of Q(i) At each of these valuations, two of the θj take one value and two another. For example at the valuation corresponding to the prime ideal generated by 1 -2i, θ ι and # 2 both have value 1, while θ z and θ 4 both have the same value which is less than 1. All 4 θ 5 take the same value at all other valuations. Thus the hypotheses of Lemma 2 or Lemma 3 cannot be met. Soc, 52 (1956) , 39-48. 6. G. Pathiaux, Algebre de Hadamard de fractions rationnelles, C. R, Acad. Sci., Paris Ser. A-B, 267 (1968), A977-A979.
